Majority-vote models on scale-free hypergraphs are investigated by means of numerical simulations with different variants of system dynamics. Hypergraphs are generalisations of ordinary graphs in which higher order of social organisation is included by introducing hyperedges corresponding to social groups, connecting more than two nodes. In the models under study, opinions of agents (two-state spins) placed in nodes are updated according to a probabilistic rule with control parameter representing social noise. The probability of a single spin flip depends on the average opinion within only one social group (hyperedge) the agent belongs to. This introduces an intermediate level of social interactions, in contrast with the case of networks, where the opinion of an agent usually depends on the average opinion of all neighbours. In all cases under consideration a second-order phase transition to a state with an uniform opinion was found as a function of the social noise, with the critical value of the control parameter and the critical exponents depending on the hypergraph topology and details of the system dynamics (node or hyperedge update).
Introduction
The majority vote (MV) model with two states [1] (for review see [2] ) is a nonequilibrium stochastic model of the opinion formation. In this model, agents (two-state spins) update their opinions at discrete time steps following the opinion of the majority of their neighbours (or that of the majority of a selected subset of their neighbours) with certain probability 1 − q, 0 ≤ q ≤ 1/2, which controls the degree of randomness in the system dynamics. The update rules are not associated with any Hamiltonian and the model does not obey the detailed balance. According to [3] such non-equilibrium stochastic spin systems with up-down symmetry on regular lattice can exhibit second-order phase transition and belong to the universality class of the corresponding equilibrium Ising model. In fact, the MV model on regular two- [1, 4] and three-dimensional [5] lattices was shown to exhibit a second-order phase transition with the critical exponents belonging to the universality class of the corresponding equilibrium Ising model; it was also shown to follow the mean-field (MF) critical behaviour above a finite upper critical dimension [6] . In contrast, the critical exponents for the MV model on various sorts of complex networks [7] [8] [9] [10] [11] [12] [13] , e.g., small-world [9] , scale-free (SF) [10, 11] , Apollonian [12] , Archimedean [13] , etc., networks are clearly different than those for the corresponding equilibrium Ising model; therefore, in these cases the MV model does not belong to the universality class of the corresponding Ising model. Recently, there has been growing interest in models of interacting systems on various generalised complex networks (for review see [14] ). Following this interest, in this paper we study the critical properties of the MV model on complex hypergraphs, * corresponding author; e-mail: tomgrad@if.pw.edu.pl which generalise the concept of complex networks in the following way: in networks pairs of nodes are connected by edges, while in hypergraphs groups of more than two nodes are connected by hyperedges [15] . With respect to models of opinion formation, hyperedges can connect different groups of people the agent belongs to and interacts with, e.g., family members, co-workers, friends, discussion groups, etc. As an example we consider complex SF hypergraphs in which the distribution of hyperdegrees of nodes (number of hyperedges k i attached to a given node i) obeys a power law
Evolving scale-free hypergraphs
SF hypergraphs can be constructed as evolving hypergraphs using a preferential attachment algorithm which generalises that for evolving SF networks [16] [17] [18] . The algorithm starts with n nodes connected by m h hyperedges, each of which connects all initial n nodes. In each step of the construction m new nodes are added to the hypergraph (1 ≤ m ≤ n − 1) which are then connected by m h ≥ 1 new hyperedges to m h sets of n−m randomly chosen existing nodes according to the following preferential attachment rule: The probability to attach a new hyperedge to the existing node i is proportional to the hyperdegree k i of this node,
, where the summation runs over all existing nodes. It should be emphasised that all m new nodes are connected by each new hyperedge to n−m nodes which may, but need not be connected by another hyperedge or hyperedges. The process stops after a desired number of nodes N in the hypergraph is reached. The resulting hypergraph is SF, with the distribution of the hyperdegrees of nodes obeying a power law, P (k) ∝ k −α , α = 1 + n n−m , for k ≥ m h , with the exponent α > 2. The exponent does not depend on m h , which modifies only the normalisation constant and the range of the distribution. It should be noted that the above-mentioned model allows multiple connections of the same nodes with different hyperedges (in particular, the first n nodes are connected by m h ≥ 1 hyperedges).
The model
The MV model on a hypergraph consists of a set of spin-like variables σ, representing opinions of agents. Each spin can take one of two values: +1 or −1. Spins are located in nodes of a complex hypergraph.
The critical properties of the model are investigated by numerical simulations. We introduce two types of dynamics: hyperedge-update and node-update, both focusing on the formation of the opinion in groups. The hyperedgeupdate dynamics is as follows. One hyperedge e is randomly selected and the majority opinion is checked in this very hyperedge. Next the value of each spin σ i in the selected hyperedge is flipped with probability
where the sgn(. . .) is the majority opinion in the group (hyperedge) e, equal zero in case of lack of majority and the sum runs over all nodes attached to the hyperedge e.
The control parameter q can be interpreted as a social temperature and plays a role similar to that of temperature in equilibrium systems. The closer to zero the q is, the greater the probability of agreement with the local majority. Next, the procedure is repeated until all the hyperedges in the model are updated. Thus, one time step of the simulation consists in updating all hyperedges and every hyperedge is updated once per one time step, only the sequence is random. The opinion of the agent in each node is updated as many times as the number of hyperedges the node is attached to (the hyperdegree of the node).
The node-update dynamics is as follows. One node i and one of its hyperedges e are randomly selected. Next, the majority opinion in the selected hyperedge is determined and the σ i is updated with probability given by Eq. (1). One time step of the dynamics consists in updating all nodes in random order.
It should be noted that in both kinds of dynamics, the state of the spin σ i is included in the sum in Eq. (1), which to some extent models the agents' supportiveness (devotion to the opinion they currently hold).
The main difference between the proposed dynamics rules is, that in the case of hyperedge-update dynamics the agent's opinion in each node in every time step is updated as many times, as the number of hyperedges attached to this node. One can say that each agent interacts with all his/her neighbours, which makes the dynamics more MF like. On the other hand in the case of node-update dynamics, the agent, independent of its hyperdegree, interacts with only one group of its neighbours (hyperedge). This situation resembles that on regular low-dimensional hypercubic lattices where the number of neighbours is finite and rather small; nevertheless,
Methods of simulations and analysis
Simulations for both variants of dynamics are performed in the same way. The SF hypergraph with the parameters n, m, m h is generated using the algorithm described in Sect. 2. For each value of q, we assume uniform initial conditions (all spins set to 1). Next T trans time steps of simulation are performed to overcome the transient (T trans = 10 4 for the hyperedge-update dynamics and 10 5 for the node-update dynamics) and T steps of actual survey (T = 10 4 for the hyperedge-update and 10 5 for the node-update dynamics). All steps are repeated 20−60 times for each value of q with different realisations of the SF hypergraph.
To study the critical behaviour the variable m is defined, which is the average opinion in the system,
Next, the magnetisation M , susceptibility χ and the fourth-order Binder cumulant U 4 are examined,
The angle brackets . . . denote average over T time steps and square brackets [. . .] av denote averaging over different realisations of the hypergraph.
The above quantities are expected to obey finite size scaling (FSS) relations. We assume that the form of these relations is analogical to those for interacting systems on complex (e.g. SF) networks [19] , i.e.,
(3c) The critical noise value q c can be obtained from the intersection point of the Binder cumulant functions for different sizes N of the particular hypergraph. Next, from Eq. (3a,b) the exponents β/ν and γ/ν, respectively, can be determined. Furthermore, Eq. (3c) can be used to calculate the exponent 1/ν using the value q * (N ) for which the susceptibility χ of the model on the hypergraph with N nodes has a maximum value. Finally, it is checked if the obtained exponents fulfill the hyperscaling relation,
where the effective dimensionality D ef f = 1 is expected in the case of systems on complex networks or hypergraphs which do not have any particular spatial dimension [19] .
Results
In Fig. 1 Table) . Solid lines show the best fits with the slopes −β/ν and γ/ν.
2/3 to 0 while passing the critical noise value q c . In principle from the analysis of the Binder cumulant the critical noise value q c can be determined, at which curves for all values of N intersect. In practice (even for equilibrium models) the curves usually do not intersect exactly at one point and q c can be only estimated as the limit of the intersection points of the U 4 curves for increasing N . In agreement with Eqs. (3a,b) , at q = q c the magnetisation and susceptibility scale as M ∝ N −β/ν and χ ∝ N −γ/ν , respectively, as shown in Fig. 2 . From the dependence M (N ) and χ(N ) at q = q c the critical exponents β/ν and γ/ν are obtained, which are summarised in Table for SF hypergraphs with different topologies and dynamics. Fig. 3 . Displacement of the point of maximum susceptibility q * from qc vs. the number of nodes N for different SF hypergraphs and dynamics (see Fig. 2 for details). Solid lines show the best fits with the slope −1/ν. The accuracy of the slope estimation is confined due to finite resolution of q in simulations. According to Eq. (3c) it is expected that the displacement of the point of maximum susceptibility q * from q c scale as N −1/ν . This can be seen in Fig. 3 , although the accuracy of estimation of the exponent 1/ν is limited due to finite resolution of q in simulations. In Fig. 4 the magnetisation and susceptibility are plotted as functions of q. The decreasing displacement of the maximum of the susceptibility is observed while increasing the size N . Using the critical exponents from Table, the rescaled values of M and χ are plotted (Fig. 4, insets) . In accordance with Eq. (3a,b), in both cases the data collapse into one curve, which confirms the correctness of the obtained exponents. Moreover, the exponents β/ν, γ/ν fulfill well the hyperscaling relation (4), with D ef f ≈ 1, as expected.
TABLE
The critical noise qc and the critical exponents for different hypergraphs for both described types of dynamics.
Hypergraph
Hyperedge-update Node-update 6. Conclusions For both hyperedge-and node-update dynamics and for a broad range of the exponent α in the hyperdegree distribution the MV model on SF hypergraphs clearly presents second-order phase transition as q is varied. In particular, the transition occurs at q c < 1/2 even for 2 < α < 3, in contrast with the Ising model on SF networks, which exhibits phase transition at finite temperature only for α > 3, where in the latter case α is the exponent in the distribution of the node degrees.
The model under study obeys the same FSS relations as those for interacting systems on complex networks, and the effective dimensionality is D ef f ≈ 1, as expected.
In the case of hyperedge-update dynamics the critical exponents β/ν, γ/ν and 1/ν weakly depend on the network topology (parameters n, m, m h ) and are close to their MF values for the Ising model, which are 0.25, 0.5, 0.5, respectively. This supports the conjecture from Sect. 3 that this kind of dynamics is MF-like.
In contrast, in the case of node-update dynamics the values of β/ν, γ/ν, 1/ν depend substantially on the hypergraph topology (mainly on the parameters n, m). In particular, there is significant difference between the values of the exponents for hypergraphs with 2 < α < 3 and for hypergraphs with α > 3. The values of the exponents β/ν, γ/ν differ significantly from those for the equilibrium Ising model on SF networks with the same exponent α, reported in Ref. [19] . The above result bears certain resemblance to the dependence of the critical exponents on the system dimension, and thus on the number of neighbours, in the case of the MV model on regular hypercubic lattices [6] . This supports the conjecture from Sect. 3 that the MV model with node-update dynamics is more similar to that on low-dimensional hypercubic lattices.
